Theorem 1.
Let Ω be a smooth bounded strongly pseudoconvex domain in C n and ζ ∈ Ω.
Let g be the pluri-complex Green function for Ω with a logarithmic pole at ζ. Then g ∈ C 1,α (Ω − {ζ}) for any 0 < α < 1.
Proof. It is known that the pluri-complex Green function g is the unique week solution of the problem (1)
u is pluri-subharmonic in Ω − {ζ} det(u z jzk ) = 0
in Ω − {ζ} u = 0 on ∂Ω u(z) = log |z − ζ| + O(1) as z → ζ.
We will show that the solution to (1) is in C 1,1 (Ω − {ζ}). Without loss of generality, we may assume ζ = 0 and
In [1] we proved that, for each positive ε ≤ ε 0 (for some fixed ε 0 ≤ 1 2 so that B 2ε 0 ⊂ Ω), there exists a unique strictly pluri-subharmonic solution
where u ≡ v + log |z| ∈ C ∞ (Ω − {0}) and v is the unique strictly pluri-subharmonic
By the maximum principle,
Thus the limit
exists for all z ∈ Ω − {0}. We need to show that u ∈ C 1,α (Ω − {0}).
Lemma 2. There exists a constant C 1 independent of ε such that
Proof. Since u ≤ u ε ≤ 0 in Ω ε and u ε = u = 0 on ∂Ω ε , we have
This proves the first inequality in (4). To prove the second one, letũ(z) = u ε (εz) − log ε
Leth be the harmonic function onB 2 − B 1 withh = log 2 on ∂B 2 andh(z) = v(εz) on ∂B 1 . Thenũ ≤ũ ≤h onB 2 − B 1 by the maximum principle, since ∆ũ ≥ 0 in B 2 −B 1 , u ≤h on ∂B 2 andũ =h on ∂B 1 . Consequently,
This implies the seocnd ineqality in (4) as ∇u
Lemma 3. Let u be a strictly pluri-subharmonic C 3 function with det u jk = constant.
Let {u jk } = {u jk } −1 . Then, for any constant a ≥ 0,
Proof. We verify this by direct calculation. First,
Since det u jk is constant, we see that
and therefore
We also note that
By Cauchy-Schwarz inequality,
Finally,
This proves Lemma 3.
It follows from Lemma 2 and Lemma 3 by the maximum principle that
Lemma 4. There exists a constant C 2 independent of ε such that
Proof. The first estimate in (7) may be proved as in [1] . We only prove the second one here. Letũ,ũ andh be as in the proof of Lemma 2. It suffices to show that
For a fixed point z 0 ∈ ∂B 1 , we may assume z 0 = (0, . . . , 1), i.e., the coordinates of z 0 are x j = y j = 0, 1 ≤ j ≤ n − 1, x n = 1 and y n = 0. Sinceũ(z) = v(εz) on ∂B 1 and |∇ũ| ≤ C 1 , it is trivial to obtain a bound for the pure tangential seocnd order derivatives at z
To estimate the mixed tangential normal derivatives we need the following analogue of Lemma 2.1 of [1] .
where d is the distance function from ∂B 1 , and t, N are positive constants. For N sufficiently large and t, δ sufficiently small, we have
Proof. We first note that this does not follow from Lemma 2.1 of [1] as {ũ jk } is not uniformly positive definite in ε. In order to prove (10) we have to make use of a special property ofũ. Sinceũ(z) = v(εz) + log |z| and v is plurisubharmonic, we see that
n−1 k=1ũ kk in U δ for δ sufficiently small. It follows that
kk in U δ when δ is sufficiently small. The rest of the proof is similar to that of Lemma 2.1 in [1] and therefore omitted.
Returning to the proof of Lemma 4, as in [1] we may derive a bound for the mixed tangential normal derivatives at z 0 with the aid of Lemma 5
It remains to establish an estimate for the pure normal second order derivative
Because of (9) and (11) it suffices to prove
for any ξ = (ξ 1 , . . . , ξ n−1 ) ∈ C n−1 . Finally, solving equation (5) forũ nn we see that (13) follows from (9), (11) and (14). This completes the proof of (8) and therfore that of Lemma 4.
Lemma 6. There exists a constant C 3 independent of ε such that We claim that M is achieved on ∂Ω ε . Suppose M is achieved at an interior point z 0 for some ξ ∈ C n . We may assume ξ = (1, 0, . . . , 0) and {u ε jk (z 0 )} is diagonal. Thus the function ϕ ≡ 2u ε + log u
